We study the relation between the notions of nonuniform exponential stability and admissibility. In particular, using appropriate adapted norms (which can be seen as Lyapunov norms), we show that if any of their associated L p spaces, with p ∈ (1, ∞], is admissible for a given evolution process, then this process is a nonuniform exponential contraction. We also provide a collection of admissible Banach spaces for any given nonuniform exponential contraction.
Introduction
Our main aim is to give a characterization of nonuniform exponential stability in terms of an appropriate notion of what is usually called admissibility property. Its study goes back to pioneering work of Perron, and referred originally to the existence of bounded solutions of the equation x = A(t)x + f (t) (1) in R n for any bounded continuous perturbation f : R + 0 → R n . This property can be used to deduce the stability or the conditional stability under sufficiently small perturbations of a given linear equation.
More precisely, the following result was established by Perron in [21] , for n × n matrices A(t) varying continuously with t 0.
✩ Partially supported by FCT through CAMGSD, Lisbon. δ and g(t, x) − g (t, y) δ x − y for every t 0 and x, y ∈ R n with x , y < r, then the equation
has a k-parameter family of bounded solutions. If in addition g(t, 0) = 0 for every t 0, then all these solutions tend to zero as t → +∞.
One should recognize Theorem 1 as a precursor result of the Hadamard-Perron stable manifold theorem (in fact even as a precursor of the nonautonomous version of the theorem).
On the other hand, Theorem 1 also allows linear perturbations, and hence it is also a notable contribution to the so-called robustness problem, which asks whether the stability of a linear contraction (or the conditional stability of a linear dichotomy) persists under sufficiently small linear perturbations. In this direction, a simple consequence of Theorem 1 is the following. The assumption in Theorem 2 is called the admissibility of the pair of spaces in which we respectively take the perturbation and look for the solutions. Moreover, Theorem 2 (which should be attributed to Perron, even if not stated explicitly in [21] ) is probably the first step in the literature concerning the study of the relation between admissibility and the notions of stability and conditional stability. We note that one can also consider the admissibility of other pairs of spaces.
There is a very extensive literature concerning the relation between admissibility and stability, also in infinite-dimensional spaces. For some of the most relevant early contributions in the area we refer to the books by Massera and Schäffer [16] (which culminates the development starting with their paper [15] ) and by Dalec'kiȋ and Kreȋn [10] . We also refer to the book [14] for some early results in infinite-dimensional spaces (which are important particularly in view of the applications of the theory to partial differential equations). For a detailed list of references, we refer to the book by Chicone and Latushkin [8] (see in particular the final remarks of Chapters 3 and 4), and for more recent work to Huy [12] . We mention in particular the papers [18, 24, 28] .
There are several related approaches in the literature. In order to mention briefly some of them, we first observe that Eq. (1) can be rewritten in the form Lx = f , where L is the linear operator defined by
in some appropriate space. Then the admissibility of certain pairs of spaces is related to the invertibility or the Fredholm properties of the operator L (see in particular [6, 7, 13, 20, 29] and the books [8] [9] [10] [11] 16] ). In a related direction, for the linear equation (2) , or more generally for a linear evolution process T (t, s), one can introduce a semigroup S(t) for t 0 by
for each function f in some appropriate space. It turns out that in certain situations the generator G of the semigroup S(t) is an extension of the operator −L with L as in (3) . Moreover, the stability and the conditional stability of the evolution process T (t, s) can often be related to the spectral properties of G. We refer to [8, 13] for references and for a detailed discussion concerning the relation between these semigroups and the stability theory. Now we describe briefly our results and we compare them to the existing literature in the nonuniform setting. Using appropriate adapted norms (which can be seen as Lyapunov norms), we show that if any of their associated L p spaces with p ∈ (1, ∞] (see Section 2 for the definitions) is admissible for a given evolution process, then this process is a nonuniform exponential contraction. We also provide a collection of admissible Banach spaces for any given nonuniform exponential contraction. Our work is close in spirit to that of Preda, Pogan and Preda [25] , who consider related problems in the particular case of uniform exponential behavior, although for the large class of Schäffer spaces as admissible spaces (see also their work [24, 26] for the case of uniform exponential dichotomies). These spaces were introduced by Schäffer in [27] (see also [16] for a related discussion). In their notable contribution [23] , Preda and Megan obtained related results in the case of nonuniform exponential dichotomies, also for the class of Schäffer spaces, although using a notion of dichotomy which is different from the original one motivated by ergodic theory and the nonuniform hyperbolicity theory, as detailed for example in [1, 2] (see also the following paragraphs for a related discussion). More precisely, their notion of dichotomy requires nothing about the angle between the stable and unstable subspaces (or, in the general case of Banach spaces, about the norms of the associated projections), and thus their admissibility property need not give information concerning these angles when deducing the exponential behavior. This causes that none of the results in [23] and in our paper imply the results in the other. In the more recent work [17] , the authors consider the same weaker notion of exponential dichotomy, and obtain sharper relations between admissibility and stability, although for perturbations and solutions in C 0 , and not in the L p spaces that we consider.
We emphasize that we consider the general case of nonuniform exponential behavior. Taking as example the case of contractions, in the uniform setting we assume that there exist K > 0 and λ < 0 such that
where the linear operators U (t, s) satisfy
for any t, s 0 and any solution x of Eq. (2). On the other hand, in the nonuniform setting we assume that there exist K > 0, λ < 0, and ε 0 such that
or more generally
for some function D (we refer to [4] for a related discussion on why it is of interest to consider this more general behavior with the function D). The constant λ is an upper bound for the largest Lyapunov exponent, while ε or the function D measure the nonuniformity of the exponential behavior. It turns out that the classical notion of (uniform) exponential behavior is very stringent for the dynamics and it is of interest to look for more general types of hyperbolic behavior. These generalizations can be much more typical. This is precisely what happens with the notion of nonuniform exponential contraction. In this respect, our results are also a contribution to the theory of nonuniform hyperbolicity. We refer to [1, 2] for detailed expositions of the theory, which goes back to the landmark works of Oseledets [19] and particularly Pesin [22] . Since then it became an important part of the general theory of dynamical systems and an important tool in the study of stochastic behavior. We refer to [1, 2] for details and references. A principal motivation for weakening the notion of uniform exponential behavior is that from the point of view of ergodic theory, almost all linear variational equations in a finite-dimensional space as in (2) have a nonuniform exponential behavior. Namely, consider a flow (φ t ) t∈R defined by an
for any measurable set A and any t ∈ R. One can show that the trajectory of μ-almost every point x with negative Lyapunov exponents gives rise to a linear variational equation
satisfying (4) (see for example [1, 5] for details and references). Certainly, the constant ε in (4) may be zero, although results in [3] indicate that in many situations the set of trajectories for which ε > 0 (and not arbitrarily small) may be large from the points of view of Hausdorff dimension and topological entropy.
Preliminaries

Evolution processes
We say that a family of linear operators T (t, s), t s 0, in a Banach space X is an evolution process if: 
T (t, s) D(s)e ω(t−s) for every t s 0.
We also consider the new norms
Moreover, with respect to these norms the evolution process has the following bounded growth property (compare with Section 4.3). 
Auxiliary spaces
We introduce in this section several Banach spaces that are used throughout the paper. We first set 
Lebesgue-almost everywhere is a Banach space (again with the norms in (7)).
using the norms · t in (5), and we endow E( X) = L p (X) with the norm 
for every k ∈ N. We set
and
for each m ∈ N. By (10), the series in (11) is absolutely convergent in E, and thus,
Now we observe that for each compact set
for every f ∈ E. In fact, using Hölder's inequality when p ∈ (1, ∞), it is easy to show that one can
, where m denotes the Lebesgue measure.
In particular, it follows from (13) that
This implies that the sequence f n |K converges pointwise almost everywhere, and we can define a (measurable) function f : R + 0 → R in a full Lebesgue-measure set by
we obtain
for every t 0 in a full Lebesgue-measure set. Since g, g m ∈ E, it follows from (15) that f − f n m ∈ E( X) for each m ∈ N. Moreover, we have
and since the functions t → f (t) − f n m (t) t and t → f n m (t) t are in E, we conclude that t → f (t) t ∈ E, and hence f ∈ E( X). Furthermore, by (12) and (15) 
Notion of admissibility
We introduce in this section the notion of admissibility, using the Banach spaces described in Section 2.2. We say that a Banach space E is admissible for the evolution process T if for each f ∈ E( X) the function
is in L ∞ (X) (see (8)). By Theorem 3 we know that L ∞ (X) is a Banach space with the norm
The following statement shows that for the admissibility of a space E = L p it is sufficient that for
Proof. Given t 0 and r ∈ [t, t + 1], we have
and hence, by (13) for every n ∈ N, which implies that c := sup y(n): n ∈ N < ∞.
Therefore, using again (17) 
and we conclude that x f ∈ L ∞ (X). 2
Contractions and admissibility
The purpose of this section is to give a characterization of nonuniform exponential contractions in terms of the notion of admissibility. Given a measurable function C : R + 0 → R + 0 , we say that an evolution process T is a C -nonuniform exponential contraction (or simply a nonuniform exponential contraction) if there exists a constant a > 0 such that
−a(t−s) for every t s 0.
Criterion for nonuniform exponential contraction
The following is our main result. It shows that the admissibility with respect to some space L p with p ∈ (1, ∞] is sufficient for an evolution process to be a nonuniform exponential contraction.
Theorem 5. If for some p ∈ (1, ∞] the space E = L p is admissible for the evolution process T , then T is a nonuniform exponential contraction.
Proof. Given x ∈ X and t 0 0, we define a function f :
We note that
Moreover, for each t ∈ [t 0 , t 0 + 1] and x ∈ X , we have
Therefore,
and in particular f ∈ E( X). On the other hand, by the definition of x f (see (16) ) with f as in (18), we have
for all t t 0 + 1, which implies that
Now we establish an auxiliary result.
Lemma 1.
There exists K > 0 such that
Proof. We define a linear operator
We use the closed graph theorem to show that G is bounded. For this, let us take a sequence
We need to show that G f = h Lebesgue-almost everywhere. For each t 0 and n ∈ N we have
On the other hand, for t τ 0 we have
and thus it follows from (22) that
By (23) together with (13), there exists
Lebesgue-almost everywhere, and by the closed graph theorem, we conclude that G is a bounded operator. This completes the proof of the lemma. 2
By Lemma 1 and (20)- (21), we obtain
for all t t 0 + 1, t 0 0, and x ∈ X . We claim that
for all t t 0 . Indeed, for t t 0 + 1 inequality (25) follows from (24) , and for t ∈ [t 0 , t 0 + 1] the inequality follows from (19) .
Now given x ∈ X , t 0 0, and δ > 0, we define a function g :
It follows from (25) 
for all t 0 0, δ > 0, and x ∈ X . We thus obtain
and hence, (27) for all t 0 0 and δ > 0.
Setting n = [(t − t 0 )/δ 0 ] for each t t 0 , we have
and by (25) and (27) we obtain
for t t 0 . By (28) and since We note that c, λ > 0. Since
and by (6),
It follows from (29) that
for any t t 0 . Therefore, the evolution process T is a C -nonuniform exponential contraction with a = λ and C = cD. This concludes the proof of Theorem 5. 2
Admissible spaces for an exponential contraction
We present in this section a partial converse to Theorem 5. For this we consider the spaces
respectively with the norms
and f ∞,C = ess sup
In a similar manner to that in Section 2.2 these normed spaces induce Banach spaces L 
Theorem 6. If the evolution process T is a C -nonuniform exponential contraction, then for any
and L ∞ C is admissible for T .
Now we take f ∈ L p C (X) for some p ∈ [1, ∞). Using Hölder's inequality we obtain 
